In this paper, we present an effectively numerical approach based on isogeometric analysis (IGA) and higher-order shear deformation theory (HSDT) for geometrically nonlinear analysis of laminated composite plates. The HSDT allows us to approximate displacement field that ensures by itself the realistic shear strain energy part without shear correction factors. IGA utilizing basis functions namely B-splines or non-uniform rational B-splines (NURBS) enables to satisfy easily the stringent continuity requirement of the HSDT model without any additional variables. The nonlinearity of the plates is formed in the total Lagrange approach based on the von-Karman strain assumptions. Numerous numerical validations for the isotropic, orthotropic, cross-ply and angle-ply laminated plates are provided to demonstrate the effectiveness of the proposed method.
Introduction
Various plate theories have been addressed since long time. Pagano [1] initially investigated the analytical three-dimensional (3D) elasticity method to predict the exact solution of simple static problems. Noor [2] had further developed the 3D elasticity solution formulas for stress analysis of composite structures. It is well known that the exact 3D approach is a potential tool to obtain the true solutions of plates. Nevertheless, it is not often easy to solve the practical problems that consider the complex (or even slightly complicated) geometries, arbitrary boundary conditions, and lamination schemes or nonlinearities. In addition, each layer in the 3D elasticity theory is modeled as a 3D solid so that the computational cost of laminated composite plate analyses is increased significantly. Hence, many equivalent single layer (ESL) plate theories with suitable assumptions [3] have been then proposed to transform the 3D problems to 2D problems.
Among the ESL plate theories, the classical laminate plate theory (CLPT) based on the Love -Kirchhoff assumption was proposed. However, the laminated plates stacking from many laminae are very susceptible to the transverse shear deformation effect due to the significantly smaller effective transverse shear modulus as compared to the effective elastic modulus along the fiber direction [4] . Thus, first order shear deformation theory (FSDT) based on Reissner-Mindlin theory [5, 6] , which takes into account the shear effect, was therefore developed. In the FSDT model, with the linear in-plane displacement through plate thickness assumption, the obtained shear strains/stresses distribute inaccurately and do not satisfy the traction free boundary conditions at the plate surfaces. It is hence required to amend the unrealistic shear strain energy part by the shear correction factors (SCF). To overcome the limitation of the FSDT, various kinds of higher order shear deformable theory (HSDT) have then been devised (see Ref. [7] for a brief review). The HSDT models, which include higher-order terms in the approximation of the displacement field, ensure non-linear distributions of the shear strains/stresses with traction-free boundary condition at the plate surfaces. As a result, the HSDT models provide better results and yield more accurate and stable solutions (e.g. inter-laminar stresses and displacements) [8, 9] than the FSDT ones without the SCF. The HSDT requires the C 1 -continuity of generalized displacement field leading to the second-order derivative of the stiffness formulation. However, the enforcement of even C 1 continuity across the inter-3 element boundaries in standard finite element method is not a trivial task. In attempts to overcome this difficulty, some kinds of methods have been developed such as C 0 continuous elements [10] [11] [12] , nonconforming plate bending elements based on Hermite polynomial functions [3] or mixed finite elements [4, 13] . It is known that there exists an algebraically complicated requirement in the construction of these elements. Furthermore, some extra unknown variables are needed to form their formulations which require much storage and computational cost. This shortcoming motivates us to develop in this paper a novel computational approach based on isogeometric analysis (IGA).
Isogeometric approach [14] firstly proposed by Hughes fulfills a seamless bridge link between computer aided design (CAD) and finite element analysis (FEA). IGA uses same B-Spline or non-uniform rational B-Spline (NURBS) functions in describing the exact geometry of problem and constructing finite approximation for analysis. Being thankful to higher order continuity of NURBS, IGA naturally verifies the C 1 -continuity of plates based on the HSDT assumptions. IGA has been widely applied to the plate structures with various plate models such as CLPT [15] , FSDT [16, 17] , HSDT [7, [18] [19] [20] , four unknown variables refined plate theory (RPT) [21, 22] , layerwise [23, 24] , etc. The literatures mentioned above, however, did not take into account geometric nonlinearity. So far, there are very few published materials related to geometrically nonlinear plate models using IGA, except two recent papers [25, 26] based on the FSDT. Apparently, there are no researches on geometrically nonlinear isogeometric analysis for the plates based on the HSDT model. Therefore, our goal in this paper is for the first time using HSDT model in study both geometrically nonlinear bending and transient analysis of the laminated composite plates. Based on the von-Karman strain which considers small strain and moderate rotation assumptions, the nonlinearity of the plates is formulated using total 
Generalized higher-order shear deformation theory for laminated composite plate
According to a generalized higher-order shear deformation theory [8] , the displacements of an arbitrary point in the plate can be expressed in the general form
where [27] .
For a bending plate, the Green strain vector is expressed by 11 22
Using the von-Karman assumptions, the nonlinear strain -displacement 
where material constants are given by 44 23 ,, 1
,,
in which E 1 , E 2 are the Young modulus in the 1 and 2 directions, respectively, and G 12 , G 23 , The laminate is usually made of several orthotropic layers in which the stress-strain relation for the k th orthotropic lamina with the arbitrary fiber orientation compared to the reference axes is given by [3]       
The inplane force, moments and shear force are defined as
It is noted that the function
gets zero values at /2 zh  . It means that the traction-free boundary condition is automatically satisfied at the top and bottom plate surfaces. Furthermore, the transverse shear forces are described parabolically through the plate thickness. Hence, the shear correction factors are not required in this model.
Substituting Eq. (8) into Eq. (9), stress resultantsare rewritten by
where
and the generalized strain  is divided into the linear and nonlinear strain components
Neglecting damping effect, the equation of motion obtained from Lagrange's equation using Hamilton's variation principle can be briefly expressed as [28] ˆd
where m and f s are the consistent mass matrix (detailed in [8] ) and the mechanical surface loads, respectively and
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A brief of NURBS basic functions
To present exactly some conic sections, e.g., circles, cylinders, spheres, etc., nonuniform rational B-splines (NURBS) need to be used. Being different from B-spline, each control point of NURBS has an additional value called an individual weight 0
NURBS basic functions also inherit all of features of B-spline basic functions and become B-spline basic functions when the individual weight of control points is constant.
NURBS formulation for nonlinear bending of composite plates
Using NURBS basis functions, the displacement field of the plate is approximated as Substituting Eq. (19) into Eq. (12), the generalized strains can be rewritten as:
where 
Substituting Eq. (20) into Eq. (13), and after eliminating the virtual displacement, the equation of motion is written in the following matrix form ext  Kq Mq F (23) where K and M are the global stiffness and mass matrices, respectively (25) in which 
and the external force vector under the transverse load f 0 is computed by
Solution scheme
From Eq. (23), it is observed that the equation of dynamic system is dependent upon both time domain and unknown displacement vector. To discretize this problem, the Newmark's integration scheme association with the iteration methods is employed.
Time integration
The dynamic problem is solved in step-by-step of a number of equal time intervals, t  with zero displacement, velocity and acceleration at initial time, t = 0. And the first and second derivative of displacement are sought implicitly at time ( 1) mt  as below 11 (29) where  and  are constant and equal to 0.25 and 0.5, respectively [30] .
Substituting Eq. (28) into Eq. (23), we obtain 
Iteration methods
At time step ( 1) mt  , Eq.(30) can be rewritten in term of the residual force as below
The residual force presents the error in this approximation and tends to zero during iteration. If q , an approximate trial solution at the i th iteration, makes unbalance residual force, an improved solution is then proposed 1 11
ii mm
where the incremental displacement is calculated by equaling to zero curtailed Taylor's series expansion of (34) 
It is known that this matrix T K is always symmetric for all structure problems and it helps this method converges faster for most applications than the Picard one [32] .
At each time step, the process in Eq. (33) is repeated until the displacement error between two consecutive iterations reduces to the desired error tolerance. 
Numerical results
In this section, we show performance of IGA for several geometrically nonlinear plate problems using HSDT. In previous works [8, 9, 21] , it is found that just with 11 11  cubic NURBS elements, IGA using HSDT produces an ultra-accurate solutions for plate analysis. In this study, this mesh therefore is employed.
Some sets of the material properties are used for numerical investigations:
Material I: 
In all examples, the convergence tolerance is taken to be 1%. For convenience, the nondimensional load parameter, transverse displacement, stresses are expressed below, unless specified otherwise 4 0 3 2 qa P Eh
Geometrically nonlinear bending analysis
In this section, the geometrically nonlinear bending analysis of plate is studied by computing Eq. (23) 
where ,, L NL g K K K are the linear, nonlinear and geometric stiffness matrix, respectively 
N
is a matrix related to the in-plane forces.
Isotropic plates
Let us consider a clamped square thin plate under a uniformly distributed load. This is a benchmark problem which is often tested by many researchers [31, 35, 36] for the geometrically nonlinear validation of thin plate formulation. Table 1 compared with the analytical ones using a double Fourier series by Levy [35] and finite element ones using nine node element [31] , and mixed finite element solution [36] . Their relations with load parameter are also depicted in Figure 2 . As seen, the present results are in excellent agreement with those from the literature and gain the best axial stress as compared to analytical Kirchhoff solution. Table 2 are compared with the analytical Kirchhoff solution [37] , that of Kirchhoff-based elements such as DKT [38] , RNEM [39] and that of Mindlin-based elements: nine-node Lagrangian quadrilateral element (QL) [31] , mixed interpolation smoothing quadrilateral element with 20DOF (MISQ20) [40] . As seen, the present method produces the most accurate solution. [37] are shown in parenthesis.
Symmetric laminated plates
Firstly, the benchmark problems with the experimental results of Zaghloul and Kenedy are studied for validating the present method. Figure 3 reveals comparison between the present solutions based on the HSDT model with others according to CPT [41] , FSDT [36] and the experimental results [41] . Figure 3a Next, the effect of span to thickness ratio on the central deflection of the symmetric laminated composite plates is revealed in Table 3 and Table 4 . Herein, material III is set. In Table 3 The obtained results are compared with those of nine-node Lagrangian quadrilateral element with 9DOF based on C 0 HSDT [42] , mesh free method based on SSDT [43] ; and that of the FSDT model using MISQ20 [40] , four-node quadrilateral isoparametric plane element with 20 and 24 DOFs [44] . It is interesting to note that just using 5 DOFs, present method gains very good agreement with other published solutions. Figure 4 shows that the present results match very well with the solutions by Kant [42] for various span to thickness ratios L/h = 10, 20, 40. In Table 4 , the linear and geometrically nonlinear presented. In case of linear problem, Pagano has given the exact solutions by using 3D elasticity model [1] . However, the nonlinear one is not available. For a comparison purpose, the MITC element [45] is, thus, also used to compute the displacement for the plates based on the FSDT with SCF equals to 5/6. It can be seen that the HSDT model gets higher results than the FSDT with better accuracy as compare with Pagano's results. And the discrepancy between them increases according to increase in the thickness to length ratio or the magnitude of applied load. The clearer observation is found in Figure 5 .
Furthermore, in thick plate the geometrical nonlinearity is pronouncedly observed with more highly curved load-displacement line than that of the thin plate. Figure 6 plots the stress distributions through the plate thickness of the four cross-ply plate (L/h=10) via the change of load intensity. Regarding the nonlinear part in in-plane strain, the axial stress 
Antiymmetric laminated plate
This subsection deals with the analysis of the simply supported square laminated plate with L/h=10 and material IV. 
Geometrically nonlinear transient analysis
In the geometrically nonlinear transient analysis, fully Lagrange equation motion in Eq.
(23) is computed by a combined technique between Newmark's integration and Picard
method. An orthotropic plate with set of material V and dimensions as length L=250 mm, thickness h=5 mm is firstly studied for validation. For this problem, the fully simply supported plate is subjected to a uniform step loading of 1 MPa. Its transient response according to the normalized central deflection w under both linear and nonlinear analysis is shown in Figure 11 . It is observed that present method predicts the very close deflection response as compared with finite strip method (FSM) by J. Chen [33] . It also clearly exhibits that the magnitude and wavelength of the non-linear response are lower than that of linear behavior with the same loading intensity. It is believed that utilizing NURBS basic functions helps present method to eliminate the error of geometric approximation.
